In this paper we introduce a good definition of r−smooth ideal compact , r−smooth ideal quasi H−closed and r−smooth compact modulo an smooth ideal in L−smooth ideal topological space in view of the definition of (L, )− smooth topological spaces and study some of their properties. Also, we investigate the behavior of r−smooth ideal compact under several types of a smooth continuous mappings, some of their properties are studied. 
Introduction
In 1965 [26] , Zadeh generalized the concept of a crisp set by introducing the concept of a fuzzy set. Since the concept of fuzzy sets corresponds to the physical situation in which there is no precisely defined criterion for membership, fuzzy sets has useful and increasing applications in various fields. Thus developments in abstract mathematics using the idea of fuzzy sets possess sound footing. In accordance with this, fuzzy topological spaces were introduced by Chang [5] and Lowen [15] . After the discovery of fuzzy sets, much attention has been paid to the generalization of basic concepts of classical topology to fuzzy sets and thus developing a theory of fuzzy topology [3, 6, 7, 10, 13, 23, 25] .Šostak [22] introduced the notion of (L, ∧)− fuzzy topological spaces as a generalization of L−topological spaces. Höhle andŠostak [12] substitute a complete quasi-monoidal lattice (or GL-monoid) instead of a completely distributive lattice or a unit interval. Also they introduced the concept of L−filters for a complete quasi-monoidal lattice L is the dual of fuzzy ideals. Fuzzy ideal set and fuzzy local function of fuzzy ideals with fuzzy topologies were introduced and studied by D. Sarker [21] .
Many authors [8, 9, 11, 14, 16, 17, 18, 20, 24, 27] studied the structures of fuzzy topology and the structures of fuzzy compactness, fuzzy ideals and fuzzy smooth ideals. Ramadan, Abdel-Sattar and Kim [19] studied the concept of a smooth ideals in [0,1]-smooth topological spaces. Abdel-Sattar [2] studied some structures of (L, )− smooth topological spaces and their properties. In [4] we studied the concept of L−smooth ideals and L−smooth ideal bases in (L, )− smooth topological spaces. In [1] a new sort of L−smooth ideal and L−smooth local map namely L−smooth ideal and r−smooth open local map are studied. The aim of this paper is to introduce and study the concept of r− smooth ideal compact, r−smooth quasi H−closed, r−smooth compact modulo an smooth ideal in L−smooth ideal topological space in view of the definition of (L, )− smooth topological spaces. Also, the concepts of r−smooth L−open, r− smooth L−closed and SI-continuous mapping are introduced and studied.
Preliminaries
Throughout this paper, let X be a nonempty set. L = (L, ≤, ∨, , , 0, 1) denotes a completely distributive lattice with order-reversing involution which has the least and greatest elements,say 0 and 1, respectively. Let L X be the family of all L-fuzzy subsets of X. For α ∈ L, α(x) = α for all x ∈ X. A fuzzy point, x t for t ∈ L is an element of L X such that, for y ∈ X, x t (y) = t if y = x, 0 if y = x.
The set of all fuzzy points in X is denoted by P t(X). A fuzzy point x t ∈ λ iff t ≤ λ(x). A fuzzy set λ is quasi-coincident with µ, denoted by λq µ, if there exists x ∈ X such that λ(x)+µ(x) > 1. If λ is not quasi-coincident with µ, we denote λ q µ . All the other notations and the other definitions are standard in fuzzy set theory. Definition 2.1. [12] A triple (L, ≤, ) is called a strictly two-sided, commutative quantale (stsc-quantale, for short ) iff it satisfies the following properties:
Example 2.2 [12] (1) Each frame is a stsc-quantale. In particular, the unite interval ( [0, 1], ≤, ∨, ∧, 0, 1) is a stsc-quantale.
(2) The unit interval with a left-continuous t-norm, ( [0, 1], ≤, t),is a stscquantale.
(3) Every GL-monoid is a stsc-quantale. (4) Define a binary operation on [0, 1] by x y = max{0,
-smooth topology on X if it satisfies the following conditions:
(O1) T (0) = T (1) = 1, where 0(x) = 0 and 1(x) = 1 for all x ∈ X.
X . An (L, )-smooth topological spaces is called enriched if (P) T (α µ) ≥ T (µ),for any µ ∈ L X , and α ∈ L. The pair (X, T ) is called (L, )-smooth topological spaces ( resp. enriched (L, )-smooth topological spaces ) Let (X, T ) and (Y, T ) be two (L, )-smooth topological spaces and f : X → Y be a mapping. Then f is said to be smooth continuous iff
Definition 2.4. [12] Let (L, * ) and (L, ) be a stsc-quantale. An operation dominates * if it satisfies:
Definition 2.5. [12] Let (L, * ) and (L, ) be a stsc-quantale. An operation dominates * if it satisfies:
Example 2.6. [12] (1) For any left-continuous t-norm * , ∧ dominates * because (
(2) Define t-norm as x y = x y x +y − x y and x * y = x y.
Then dominates * .
Definition 2.7. [19] If X is a set, then an ideal on X is a nonempty D * ⊂ 2 X satisfying the following conditions:
Definition 2.8. [19] If X is a set, then a preideal on X is a nonempty D ⊂ I X satisfying the following conditions:
The L− smooth interior operator I is called topological if I (I (λ, r)) ≥ I(λ, r), ∀λ ∈ L X , r ∈ L 0 . Let I 1 and I 2 be two L−smooth interior operators on X. We say that I 1 is finer than I 2 (I 2 is coarser than I 1 ), denoted by
For each A, B ∈ L X and r, s ∈ L 0 , the operator C τ satisfies the following conditions:
(2) A is called r-smooth preopen (r-SPO, for short) iff A ≤ int τ (C τ (A, r), r). (1)
If I 1 and I 2 are L−smooth ideals on X, we say that I 1 is finer than I 2 (I 2 is coarser than I 1 ), denoted by
is called L−smooth ideal topological space ( Lsits, for short ). For α ∈ L, (X, τ α , I α ) is fuzzy ideal topological space in the sense of Sarkar [18] . X . Then the r-smooth open local map A r (τ , I) of A is the union of all fuzzy points x t such that if B ∈ Q(x t , r) and I(C) ≥ r then there is at least one y ∈ X for which B(y) + A(y) − 1 > C(y).there exists B ∈ Q(x t , r) such that for every y ∈ X, B(y) + A(y) − 1 ≤ C(y), for some I(C) ≥ r. A r (τ , I) is the set of fuzzy points at which A does not have the property r−fuzzy open locally. We will occasionally write A r or A r (I) for A r (τ , I) and it will cause no ambiguity.
An (L, )− smooth topological space with L−smooth ideal I is I−compact as a subset is a smooth I−compact.
3 Compactness in L− smooth ideal topological spaces Definition 3.1. Let (X, τ , I) be Lsits and r ∈ L 0 . Then (1) X is called r − SI-compact (resp, r-smooth ideal quasi H-closed (for short, r-SIQHC)) iff for every family
(2) X is called r−smooth compact modulo an smooth ideal space (rsmooth C(I)-compact, for short) if for every τ (1 − A) ≥ r and each family Proof.
(1) For every family {A i ∈ L X |τ (A i ) ≥ r, i ∈ Γ} such that i∈Γ A i = 1. By r−smooth compactness of X, there exists a finite subset Γ 0 ⊂ Γ such
Theorem 3.3. Let (X, τ , I) be Lsits and r ∈ L 0 . Then the following are equivalent.
(
Notes. If I = I 0 , then r−smooth compact and r−SI-compact are equivalent.
Theorem 3.4. Let (X, τ , I) be r − SIQHC and r-smooth regular. Then (X, τ , I) is r − SI-compact.
Proof. For every collection {A i ∈ L X |τ (A i ) ≥ r, i ∈ Γ} such that i∈Γ A i = 1. By r−smooth regularity of X, for each τ (A i ) ≥ r,
For each j ∈ J, since
is r−SI-compact.
Definition 3.5. A family {A i } i∈Γ in X has the finite intersection property (I-FIP) iff the intersection of no finite subfamily Γ 0 ⊂ Γ such that
Theorem 3.6. An Lsits (X, τ , I) is r − SI-compact iff every collection {A i ∈ L X |τ (1 − A i ) ≥ r, i ∈ Γ} having the finite intersection property I-FIP has a non-empty intersection.
Proof. It is trivial. Theorem 3.7. Let (X, τ , I) be Lsits and A is r − SI-compact. Then for every collection
By r − SI-compactness of A, there exists a finite Γ 0 ⊂ Γ such that Proof. It is trivial.
Lemma
Theorem 3.12. Let (X, τ , I) be Lsits and r ∈ L 0 . Then the following are equivalent.
(1) (X, τ , I) is r − SIQHC.
(4) For every collection {A i ∈ L X |A i is r−SRO sets, i ∈ Γ} such that i∈Γ A i = 1, there exists a finite subset Γ 0 ⊂ Γ such that
(5) For every collection {A i ∈ L X |A i is r−SRC sets, i ∈ Γ} such that i∈Γ A i = 0, there exists Γ 0 ⊂ Γ such that I( i∈Γ 0 int τ (A i , r)) ≥ r. (6) i∈Γ A i = 0, for every collection {A i ∈ L X |A i is r−SRC sets, i ∈ Γ} such that {int τ (A i , r)|A i is r−SRC sets, i ∈ Γ} has the I−FIP.
∈ Γ} be a family with i∈Γ A i = 0. Then i∈Γ 1 − A i = 1. Since (X, τ , I) is r − SIQHC, there exists a finite subset Γ 0 ⊂ Γ such that
(2)⇒(1). Let {A i ∈ L X |τ (A i ) ≥ r, i ∈ Γ} such that i∈Γ A i = 1. Then i∈Γ 1 − A i = 0 and by (2), there exists a finite subset Γ 0 ⊂ Γ such that
Hence (X, τ , I) is r-SIQHC.
(1)⇒(3): For every collection {A i ∈ L X |τ (1 − A i ) ≥ r, i ∈ Γ} with {int τ (A i , r)|τ (1 − A i ) ≥ r, i ∈ Γ} has the I-FIP. If i∈Γ A i = 0, then i∈Γ (1 − A i ) = 1. Since (X, τ , I) is r-SIQHC, there exists a finite index set Γ 0 ⊂ Γ such that
It is a contradiction.
(3)⇒(1): For every family {A i ∈ L X |τ (A i ) ≥ r, i ∈ Γ} such that i∈Γ A i = 1 with the property that for no finite index set Γ 0 ⊂ Γ such that
the family {int τ (1 − A i , r)|τ (A i ) ≥ r, i ∈ Γ} has the I−FIP. By (3) we have i∈Γ (1 − A i ) = 0. Then, i∈Γ A i = 1. It is a contradiction.
(1)⇒(4): Let {A i ∈ L X , i ∈ Γ} be a family of r−SRO sets with i∈Γ A i = 1. Then, i∈Γ int τ (C τ (A i , r), r) = 1. Since τ (int τ (C τ (A i , r), r)) ≥ r and (X, τ , I) is r − SIQHC, then there exists a finite index set Γ 0 ⊂ Γ such that I(1 − i∈Γ 0 (C τ (int τ (C τ (A i , r), r), r)) ≥ r. Since, for each τ (A i ) ≥ r, C τ (A i , r) = C τ (int τ (C τ (A i , r), r), r). Hence, I(1 − i∈Γ 0 (C τ (A i , r)) ≥ r.
(4)⇒(5): Let {A i ∈ L X |A i , i ∈ Γ} be a family of r−SRC sets such that i∈Γ A i = 0. Then, i∈Γ (1 − A i ) = 1 and {1 − A i ∈ L X , i ∈ Γ} is a family of r−SRO sets. By (4), there exists a finite subset Γ 0 ⊂ Γ such that
∈ Γ} be a family with i∈Γ A i = 1. Then, i∈Γ int τ (C τ (A i , r), r) = 1. Thus, i∈Γ (C τ (int τ (1 − A i , r) , r)) = 0 and C τ (int τ (1 − A i , r) , r) is r−SRC. For the hypothesis, there exists Γ 0 ⊂ Γ such that I( i∈Γ 0 int τ (C τ (int τ (1 − A i , r) , r), r)) ≥ r. Since, τ (A i ) ≥ r, C τ (A i , r) = C τ (int τ (C τ (A i , r) , r), r) and hence
Hence, I(1 − i∈Γ 0 (C τ (A i , r)) ≥ r and (X, τ , I) is r − SIQHC.
(6)⇔(4) is similarly to (3)⇔(1).
Lemma 3.13. Let (X, τ , I) be Lsits and r ∈ L 0 . Then the following are equivalent.
(1) (X, τ , I) is r-SIQHC.
r), i ∈ Γ} with
i∈Γ A i = 1, there exists a finite index set Γ 0 ⊂ Γ such that
(3) For every collection {A i ∈ L X |τ (1 − A i ) ≥ r, i ∈ Γ} with i∈Γ (A i ) = 0, there exists a finite subset Γ 0 ⊂ Γ such that I( i∈Γ 0 int τ (A i , r)) ≥ r.
Proof. Obvious. Theorem 3.14. Let (X, τ , I) be Lsits and r ∈ L 0 . Then the following are equivalent.
(1) (X, τ , I) is r-smooth C(I)-compact.
(2) For any collection {B i ∈ L X |τ (1−B i ) ≥ r, i ∈ Γ} and every τ (1−A) ≥ r with i∈Γ B i qA, there exists a finite subset Γ 0 ⊂ Γ such that
(3) i∈Γ B i qA holds for every collection {B i ∈ L X |τ (1 − B i ) ≥ r, i ∈ Γ} and every τ (1 − A) ≥ r with {int τ (B i , r) ∩ A, i ∈ Γ} has the I-FIP.
(4) For every collection {B i ∈ L X ∈ L X |B i is r−SRO, i ∈ Γ} and every τ (1 − A) ≥ r with A i ≤ i∈Γ B i , there exists a finite index set Γ 0 ⊂ Γ such that
(5) For every collection {B i ∈ L X |B i is r−SRC, i ∈ Γ} and for every τ (1 − A) ≥ r such that i∈Γ B i qA, there exists a finite subset Γ 0 ⊂ Γ such that I( i∈Γ 0 (int τ (B i , r) A) ≥ r.
(6) i∈Γ B i qA holds for every collection {B i ∈ L X |B i is r−SRC sets, i ∈ Γ} and every τ (1 − A) ≥ r such that {int τ (B i , r) A, i ∈ Γ} has the I−FIP.
Proof. (1)⇒(2): Let τ (1 − A) ≥ r and {B i ∈ L X |τ (1 − B i ) ≥ r, i ∈ Γ} with i∈Γ B i qA. Then A ≤ i∈Γ (1 − B i ). By r−smooth C(I)-compactness of (X, τ , I), there exists a finite index set Γ 0 ⊂ Γ such that X |τ (B i ) ≥ r, i ∈ Γ} be a family such that A ≤ i∈Γ B i with property that for no finite subfamily Γ 0 of Γ, one has
the family {int τ (1 − B i , r) A : i ∈ Γ} has I−FIP. By (3), i∈Γ (1 − B i )qA implies that i∈Γ B i ≤ A. It is a contradiction.
(1)⇒(4): Let {B i ∈ L X , i ∈ Γ} be a family of r−SRO sets and every
(4)⇒(1): Let τ (1 − A) ≥ r and {B i ∈ L X |τ (B i ) ≥ r, i ∈ Γ} be a family such that A ≤ i∈Γ B i . Then, A ≤ i∈Γ int τ (C τ (B i , r), r) and since int τ (C τ (B i , r), r) = int τ (C τ (int τ (C τ (B i , r) , r), r), r). From (4), there exists a finite index Γ 0 ⊂ Γ such that C τ (B i , r) , r), r). Thus, I(A [1 − i∈Γ 0 C τ (B i , r)]) ≥ r and X is r-smooth C(I)-compact.
X , i ∈ Γ} be a family of r−SRC sets and every τ (1 − A) ≥ r such that i∈Γ B i qA. Then A ≤ i∈Γ (1 − B i ) and {1 − B i ∈ L X , i ∈ Γ} is a family of r−SRO sets. By (4), there exists a finite index
X , i ∈ Γ} be a family of r−SRC sets and every τ (1 − A) ≥ r such {int τ (B i , r) ∧ A, i ∈ Γ} has the I−FIP. Suppose i∈Γ B i qA. By (5), there exists a finite subset Γ 0 ⊂ Γ such that I( i∈Γ 0 int τ (B i , r) A) ≥ r. It is a contradiction.
X , i ∈ Γ} be a family of r−SRO sets and τ (1−A) ≥ r such that A i ≤ i∈Γ B i with the property that for no finite index set Γ 0 ⊂ Γ such that
the family { i∈Γ {int τ (1 − B i , r) A} has the I−FIP. By (6) we have i∈Γ (1 − B i )qA implies that A ≥ i∈Γ B i . It is a contradiction. 
∈ Γ} be a family with i∈Γ B i = 1. Then i∈Γ f −1 (B i ) = 1. Since f is smooth weakly continuous, for each i ∈ Γ,
Thus,
By r − SI 1 -compactness of (X, τ , I 1 ), there exists a finite subset Γ 0 ⊂ Γ with I 1 (1 
By r−smooth C(I 1 )-compactness of (X, τ , I 1 ), there exists a finite subset Γ 0 ⊂ Γ with Proof. Let A ∈ L X be r − SI 1 -compact in (X, τ , I 1 ) and f : (X, τ , I 1 ) → (Y, η, I 2 ) a surjective smooth almost continuous mapping. If η(1 − A) ≥ r and each family {B i ∈ L Y |η(B i ) ≥ r, i ∈ Γ} with f (A) ≤ i∈Γ B i , then f (A) ≤ i∈Γ int η (C η (B i , r), r) and since for i ∈ Γ,
By almost continuity of f, we have
By r − SI 1 -compactness of A in (X, τ , I 1 ), there exists a finite subset Γ 0 ⊂ Γ with
By surjectively of f ,
Theorem 3.19. The image of a r − SI 1 -compact set under a surjective smooth weakly continuous mapping and
Proof. Similar to proof of Theorem 3.15.
Theorem 3.20. Let f : (X, τ , I 1 ) → (Y, η, I 2 ) be a surjective smooth almost continuous, (X, τ , I 1 ) is r − SI 1 QHC and
Proof. Similar to proof of Theorem 3.17.
Theorem 3.21. Let f : (X, τ , I 1 ) → (Y, η, I 2 ) be a surjective smooth strongly continuous, (X, τ , I 1 ) is r − SI 1 QHC and
∈ Γ} be a family with i∈Γ B i = 1. Then i∈Γ f −1 (B i ) = 1. Since f is smooth strongly continuous and hence
Form the smooth strongly continuity of f, we have Hence, i∈∆ A i is r−SIO.
(2) It is easily proved the same manner. In general, the intersection of two r−SIO need not be r−SIO. Clear that A 1 and A 2 are , if 0 < C < 0.4, 0, otherwise,
